We investigate the adiabatic index Γ th of hot and dense nuclear matter from chiral effective field theory and find that the results are systematically larger than from typical mean field models. We start by constructing the finite-temperature equation of state from chiral two-and three-nucleon forces, which we then use to fit a class of extended Skyrme energy density functionals. This allows for modeling the thermal index across the full range of densities and temperatures that may be probed in simulations of core-collapse supernovae and neutron star mergers, including the low-density inhomogeneous mixed phase. For uniform matter we compare the results to analytical expressions for Γ th based on Fermi liquid theory. The correlation between the thermal index and the effective masses at nuclear saturation density is studied systematically through Bayesian modeling of the nuclear equation of state. We then study the behavior of Γ th in both relativistic and non-relativistic mean field models used in the astrophysical simulation community to complement those based on chiral effective field theory constraints from our own study. We derive compact parameterization formulas for Γ th across the range of densities and temperatures encountered in core collapse supernovae and binary neutron star mergers, which we suggest may be useful for the numerical simulation community.
I. INTRODUCTION
Neutron stars are intriguing stellar objects whose structure and dynamics are governed by the properties of matter at extraordinarily high densities up to ten times that of atomic nuclei. Ongoing experimental efforts aim to study the hot and dense matter equation of state (EOS) through medium-energy heavy-ion collisions [1] [2] [3] [4] , while astronomical observations of neutron star radii, moments of inertia, and tidal deformabilities [5] [6] [7] [8] [9] are able to probe the properties of cold compressed matter at around twice nuclear saturation density [10, 11] . In particular, the recent observation of gravitational waves from binary neutron star merger event GW170817 [9, 12] indicates that the tidal deformability of a 1.4 M neutron star lies in the range Λ 1.4 = 190 +390 −120 . This measurement excludes many stiff equations of state that would give rise to typical neutron stars with radii R 1.4 > 13.6 km [13] [14] [15] [16] [17] . Moreover, recent advances in the theoretical description of nuclear forces now enable constraints on the ground state energy and pressure of dense nucleonic matter at and below nuclear saturation density [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . At higher densities theoretical uncertainties grow rapidly [16, 28] , and the reliability of microscopic calculations becomes uncertain.
The properties of dense nuclear matter beyond twice saturation density are highly model dependent, and not even the appropriate degrees of freedom are known. It has been suggested that exotic matter such as hyperons [29] [30] [31] [32] [33] [34] , kaon or pion condensates [35] [36] [37] [38] [39] [40] [41] , and strange quarks or deconfined quark matter [42] [43] [44] [45] might exist in the inner core of neutron stars. Imprints of this extreme matter might be confirmed through astrophysical observations of pulsar glitches [46] [47] [48] [49] [50] [51] , X-ray bursts [7, [52] [53] [54] [55] [56] [57] , neutron star cooling [58] [59] [60] [61] [62] [63] [64] [65] [66] , neutron star moments of inertia [5, [67] [68] [69] , and simultaneous measurements of masses and radii, e.g., from the NICER X-ray telescope [70] [71] [72] . In order to explore the widest range of high-density parameterizations for the cold dense matter equation of state (including possible phase transitions), theoretical modeling has employed piecewise polytropes [7, [73] [74] [75] , the spectral representation [76] , polynomial expansions in powers of the density or Fermi momentum [15, 77, 78] , and speed of sound parameterizations [16, 49, 79] .
Dynamical simulations of core-collapse supernovae [80] [81] [82] [83] [84] [85] [86] [87] [88] and neutron star mergers [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] require also the equation of state at finite temperatures up to 50 − 100 MeV. Such simulations are crucial for interpreting observable electromagnetic, neutrino, and gravitational wave emissions as well as understanding the origin of many heavy elements through r-process nucleosynthesis [97] [98] [99] [100] [101] . Presently there exist a number of EOS tabulations derived from Skyrme mean field phenomenology [102] [103] [104] [105] and relativistic mean field models [106] [107] [108] [109] [110] [111] for the thermal contribution to the pressure p th = (Γ th − 1)ε th ,
where ε th is the internal energy density and Γ th is the socalled adiabatic index. The resulting analytical equations of state have numerical advantages over tabulations and allow for a more thorough exploration of the correlations among bulk neutron star properties, features of gravitational wave signals, and properties of the equation of state. In particular, thermal effects have been shown to modify the dominant peak frequency and intensity of the post-merger gravitational wave signal [93, 94] and lead to a delay in the remnant collapse time to a black hole [93, 112] . Previous studies [93, 94, 112] have employed a constant value of the thermal index, and in the present work our aim is to provide a general parameterization for Γ th in terms of the density and temperature based on finite-temperature calculations of the equation of state [113, 114] from microscopic chiral effective field theory (χEFT). Recent works have also studied the thermal index from microscopic many-body theory [115, 116] and parameterized equations of state [117] . We derive empirical formulas for Γ th as a function of temperature and baryon number density for a proton fraction fixed to that of beta equilibrium matter at T = 0 MeV. For this end, we collect EOSs available in the supernova community and build our own EOSs based on χEFT results for the free energy density. We present fitting functions and covariance matrices that will allow for the generation of realistic behaviors for Γ th as a function of density and temperature within the modeled statistical uncertainties.
The paper is organized as follows. In Section II, we briefly explain the nuclear force models used for constructing the hot and dense matter EOS. In Section III, we present results for Γ th from our current calculations based on chiral effective field theory and existing mean field model EOSs. We then derive empirical formulas and covariance matrices for the description of Γ th as a function of density and temperature. In section V, we summarize our results and discuss future directions for modeling the hot and dense matter EOS from realistic nuclear force models.
II. NUCLEAR FORCE MODELS
Nuclear forces derived from chiral effective field theory (χEFT) are nowadays widely used to study many properties of light and medium-mass nuclei as well as dense uniform matter [118] [119] [120] [121] . Recently, chiral nuclear forces have been used to build finite-temperature equations of state based on many-body perturbation theory in the Matsubara imaginary time formalism [113, 114, 122, 123] . However, microscopic calculations break down for the low-density inhomogeneous mixed phase where the spinodal instability is active as well as the high-density phase where chiral effective field theory is no longer applicable. We therefore choose to sample representative calculations of the hot and dense matter equation of state from χEFT and fit the results to the form of a Skyrmelike potential model. In particular, we employ six different chiral nuclear forces [26] : N2LO450, N2LO500, N3LO414, N3LO450, and N3LO500, corresponding to a next-to-next-to-leading-order (N2LO) chiral potential with momentum-space cutoff Λ χ = 450 MeV, an N2LO chiral potential with momentum-space cutoff Λ χ = 500 MeV, etc. As shown in Figs. 1 and 2 , we fit the microscopic results up to n = 2n 0 and T < 30 MeV. In all cases we verify that the fitted Skyrme potential model satisfies causality and can produce a neutron star with maximum mass M max ≥ 1.97 M . For this reason, we use the extended Skyrme force model as suggested in Ref. [124] , where the two-nucleon interaction has the form,
This type of extension gives the energy density of uniform nuclear matter, i.e. without spin-orbit interaction and density gradient contributions, as
where M N is the nucleon mass, and the number density (n) and kinetic density (τ ) are defined as
1 + e ( t−µt)/T (4) with µ t the chemical potential of species t = p, n. Here t is the single particle energy given by
The functionals f L,U (n) and g L,U (n) are given as
Note that the conventional Skyrme force model contains only α L , α U , β L , β U , and η L , η U . However, we use the extended model to obtain a better description of the free energy computed at finite temperature from chiral nuclear potentials.
The effective mass in the extended form is expressed as
In contrast to effective masses computed from microscopic nuclear forces, the effective mass from the Skyrme formalism does not depend explicitly on the temperature. In particular, thermal effects are known [125] to strongly suppress the energy dependence of the nucleon singleparticle potential, thereby reducing the normally strong enhancement of the effective mass close to the Fermi surface [126, 127] . At high temperatures we therefore expect that the momentum dependence of the nucleon singleparticle potential is primarily responsible for the effective mass, which would exhibit a behavior more similar to that given in Eq. (7). However, mean field models may not be well suited to reproduce these higher-order temperature effects. When we set the power of the density in the extra effective mass contribution γ 1 = γ 2 , we then have ten parameters to be determined for fixed 1 (= 1/3), 2 (= 1) and γ(= 2/3 or 1). In this work, we use the ten parameters to fit the free energy per baryon from chiral effective field theory calculations at finite temperature as well as zero temperature. In Fig. 1 and 2 we show the free energy per baryon of symmetric nuclear matter and pure neutron matter as a function of density and temperature from χEFT (dashed curves) and the corresponding non-relativistic model calculation (dotted curves). We see that as the temperature increases, it becomes more difficult to fit the chiral EFT results to the form of a Skyrme energy density functional, as observed also in Ref. [128] . Note that the Skyrme force model includes only the first-order Hartree-Fock contribution to the free energy. In contrast, the results from chiral effective field theory include second-order contributions plus Hartree-Fock self-energies for the intermediate states as described in Ref. [113] .
In Fig. 3 we show the speed of sound in beta stable nuclear matter at T = 0 MeV for the five Skyrme interactions fitted in the present work to the hot and dense matter equations of state from chiral effective field theory. We note that some of the models become acausal around n 1.0 fm −3 , but these densities typically lie beyond the maximal density reached at the center of the maximum mass neutron star. Acausality in non-relativistic models may be remedied in a thermodynamically consistent manner according to the general formalism in Ref. [129] (see also Ref. [123] ). In the present work we consider only equations of state that give rise to subluminal speeds of sound at all densities within the neutron stars considered.
In Fig. 4 we plot the nucleon effective mass in both symmetric nuclear matter (solid line) and pure neutron matter (dashed lines) for each of the Skyrme effective interactions constructed in the present work. The effective mass is obtained by employing Eq. (7) and fitting the free energy density of nuclear matter computed in chiral effective field theory as described above. We see that at nuclear matter saturation density, the neutron effective mass in pure neutron matter takes on the range of values 0.86 < M * /M < 1.19, which is consistent with other phenomenological and microscopic predictions [130, 131] . In symmetric nuclear matter at saturation density, the nucleon effective mass lies in the more narrow range 0.74 < M * /M < 0.88, also consistent with previous theoretical modeling [130, 132] .
To test the predictions of the different EOS parameterizations, we calculate in Fig. 5 the individual mass-radius relations for cold neutron stars. We see that in all cases the equations of state produce neutron stars satisfying the maximum mass constraint M max 1.97 M from Refs. [133, 134] . The Skyrme effective interaction fitted to reproduce the equation of state from the N3LO450 chiral nuclear potential is the only one for which the speed of sound becomes superluminal before the maximum neutron star mass is reached. Nevertheless, the reduced maximum mass that is consistent with causality still exceeds 1.97 M . In our analysis below, we consider only neutron stars for which the speed of sound is subluminal, and therefore we remove the most massive neutron stars produced by the Skyrme N3LO450 interaction. In computing the mass-radius relationships, we have included realistic modeling of the neutron star outer and inner crusts [135] . This occurs when the matter density is below roughly half saturation density and forms nuclear clusters. The composition is therefore ionized heavy nuclei in the inner and outer crust of neutron stars with uniform nuclear matter in the outer core [74, [135] [136] [137] [138] [139] . After determining the Skyrme model parameters, we use the liquid drop model technique to construct the hot dense matter EOS. In the liquid drop model, a single heavy nucleus exists in the Wigner-Seitz cell surrounded by a gas of neutrons, protons, electrons, and alpha particles. The free energy density is given by [103, 104] ,
where F dense is the bulk free energy density from the heavy nucleus in the Wigner Seitz cell, F dilute is the free energy density from nucleons outside of the heavy nucleus, F surface is the surface energy density of the heavy nucleus, F Coulomb is the Coulomb energy density between proton-proton, proton-electron, and electronelectron systems, F trans is the translational energy density of the heavy nucleus, F α is the alpha particle free energy density, F e is the electron (and positron) contribution, and F γ is the photon contribution. We then minimize F (n, x, T ) as a function of density, proton fraction and temperature with respect to the dependent variables (u, n i , x i , n o , x o , n α ) with the two constraints (i) baryon number conservation and (ii) charge neutrality:
where n i is the baryon number density of the heavy nucleus, x i is the proton fraction of the heavy nucleus, n o is the baryon number density of nucleons outside the heavy nucleus, x o is the proton fraction of nucleons outside the heavy nucleus, n α is the alpha particle density, and v α is the volume of alpha particle (v α = 24 fm 3 ). 
The thermal index Γ th as a function of density n and proton fraction x calculated in the Fermi liquid theory quasiparticle approximation from Eqs. (11) and (13) . The nucleon effective mass as a function of density is assumed to follow the standard Skyme form, and the value at saturation density is labeled as M * /M in the different panels.
III. THERMAL INDEX: Γ th
The pressure of nuclear matter can be written as the sum of a zero-temperature contribution and a thermal contribution:
where all quantities are defined at the same density and proton fraction. Since there are large uncertainties in the nuclear matter equation of state at high densities, it may be useful to first construct the pressure of cold nuclear matter using piecewise polytropes. Theoretical modeling of the thermal contribution p th would then allow for the extension of the equation of state to finite temperature.
In the present work we will employ a number of realistic equations of state at non-zero temperature to extract the thermal contribution and develop a useful parameterization with (correlated) uncertainty estimates on the model parameters.
It is natural to formulate the thermal pressure in terms of an adiabatic index Γ th defined as
where p th and ε th are the pressure and internal energy density contributions from finite temperature respectively:
We note that Γ th is a function of the independent variables used for constructing the nuclear EOS. In previous simulations of core-collapse supernovae and neutron star mergers [93, 140] , the most widely used values for Γ th are 1.5 or 2.0, which may be obtained by averaging the true adiabatic index from full finite-temperature equations of state over the typical range of temperatures, densities and proton fractions encountered in simulations. Since Γ th can vary significantly as a function of density and temperature [93] , the constant Γ th approximation should be replaced with more realistic modeling. Fermi liquid theory (FLT) provides a clear conceptual framework based on the quasiparticle approximation to understand the thermal excitations of Fermi systems at low temperatures (T k 2 F /2M ), and in particular the adiabatic index Γ th . Since the quasiparticle effective mass is directly related to the density of states, it plays a key role in entropy generation and other thermal properties of dense matter. In particular, higher effective masses are associated with a larger density of states and therefore a reduced thermal pressure, leading for instance to faster contraction of a newly-born proto-neutron star following stellar core collapse [141] . From Fermi liquid theory, the thermal contribution to the internal energy density and pressure of nuclear matter composed of protons, neutrons, and electrons is given by [142] 
where a =
is the level density parameter at the Fermi surface, and the effective mass for relativistic electrons is given as m * e = p 2 Fe + m 2 e . Note that for a Fermi gas with fixed composition and temperature-independent effective mass, the FLT approximation does not exhibit a temperature dependence in Γ th .
For orientation, in Fig. 6 we show the parametric dependence of the thermal index Γ th on the effective mass for different values of the proton fraction (x) and the baryon number density (n) using the Fermi liquid theory expressions in Eqs. (11) and (13) . For the moment, we assume for simplicity that the nucleon effective mass M * at the Fermi surface does not vary with the isospin asymmetry and depends on the baryon number density as in typical Skyrme models:
Note that in our extended Skyrme parametrization, Eq. (7), the effective mass can have a more complicated density dependence. In Fig. 6 the effective masses are labeled by their values at nuclear matter saturation density n 0 . We see that the behavior of Γ th above about half saturation density is strongly sensitive to the nucleon effective mass. In particular, a lower effective mass naturally gives rise to higher values of Γ th at high density regions.
IV. RESULTS
We now consider two different methods for parameterizing the finite-temperature equation of state based on microscopic many-body calculations. In the first approach we again take a parametrized form for the effective mass, which we then combine with a wide range of cold neutron star equations of state constrained by nuclear theory and experiment [15] . The limitation is that at low density and finite temperature we assume the presence of uniform matter, since constructing an ensemble of nuclei in a gas of unbound protons and neutrons requires additional modeling beyond the level of Fermi liquid theory, e.g., the nucleus volume fraction in the Wigner-Seitz cell approximation. In the second approach we consider full finite-temperature equations of state based on mean field models fitted to results from chiral effective field theory. This allows for a reliable treatment of the inhomogeneous mixed phase at low density and finite temperature. The comparison of the two methods allows us to explore the effects of nuclear clusters on the adiabatic index.
The first approach is based on the Bayesian statistical framework developed in Ref. [15] in which constraints from chiral effective field theory define the prior probability distributions for the parameters a and b entering in a power series expansion of the zero-temperature equation of state:
where E/A is the energy per particle,
with k r F an arbitrary reference Fermi momentum, and in both expansions we define k F = (3π 2 n) 1/3 . In practice, this is achieved by fitting the equations of state from chiral effective field theory to the form given in Eq. (15) from which we extract the full covariance matrices for the a and b parameters. Theoretical uncertainties are estimated by varying (i) the order in the chiral expansion,
(ii) the order in the many-body perturbation theory calculation of the equation of state, and (iii) the momentumspace cutoff in the chiral interaction that sets the resolution scale in coordinate space. Experimental data from medium-mass and heavy nuclei (e.g., the saturation energy B and density n 0 of symmetric nuclear matter, the nuclear incompressibility K, and symmetry energy S 2 ) are then incorporated into Bayesian likelihood functions for the a and b parameters. This framework allows us to sample a very large set of cold dense matter equations of state for isospin-symmetric nuclear matter and pure neutron matter.
For intermediate values of the proton fraction x = Z/A, we expand the free energy per particle F/A in a Taylor series around isospin-symmetric nuclear matter at saturation density:
where S 2 (n) is the density-dependent symmetry energy.
In the present work, the Bayesian likelihood function associated with the symmetry energy S 2 (n) is constructed from empirical constraints [143] on the symmetry energy at saturation density J together with universal correlations among J, the symmetry energy slope parameter L, and symmetry incompressibility K sym [144] . The proton fraction in beta equilibrium matter can be determined from S 2 (n) according to
The last term in Eq. (16) can be derived in the quasiparticle approximation from Landau Fermi liquid theory at finite temperature. We note that Eq. (13) does not necessarily describe the thermal contributions to the energy density and pressure at low density, where nuclear matter is clustered. In particular, there is no neutron or proton gas when the density is lower than the neutron drip density n drip = 2.4 × 10 −4 fm −3 . Therefore, the above formula should be reformulated by adding the volume fraction of the heavy nucleus (u) to the Wigner-Seitz cell for the numerical calculation:
For the pressure, it is not necessary to distinguish p in the equilibrium state. The volume fraction u should depend on the density and temperature in order to formally obtain the hot dense matter EOS [135] .
In the present case the zero-temperature EOS is generated from the liquid drop model [135] to describe nuclear clustering, while at the specific values of temperature T = 5, 10, 20, 40, 80 MeV we assume uniform nuclear matter. Note that at finite temperature nuclei can be formed surrounded by unbound neutrons and protons (a situation we will consider at the end of this section). However, if the temperature is greater than the critical temperature of the nuclear liquid-gas phase transition (T c 20 MeV [114, 122, 145] ), all nuclei dissociate and our Fermi liquid theory calculation of the free energy F is well justified. Our Bayesian nuclear modeling does not provide the effective masses in a dense nuclear medium.
In order to include thermal effects, we parameterize Γ th according to different values of the proton and neutron effective masses according to Eqs. (11) and (13) . Thus, we take the effective masses of nucleons in symmetric nuclear matter M * SNM and pure neutron matter M * PNM at saturation density as parameters within the range of accepted values, while the density dependence follows from Eq. (14) .
In Fig. 7 we show the resulting Γ th contour plots as a function of the total baryon number density for labeled values of the nucleon effective masses at nuclear matter saturation density in symmetric nuclear matter M * SNM and pure neutron matter M * PNM . Below twice saturation density, Bayesian modeling of the nuclear matter EOS indicates that Γ th converges to a tight range of numerical values for a given set of effective masses. In the present approximation, the adiabatic index is strongly sensitive to the values of the effective masses once the matter composition (as a function of density) is fixed by the underlying cold dense matter equation of state. The error bands shown in Fig. 7 thus reflect uncertainties in the proton fraction coming from the Bayesian modeling of the equation of state. In particular, we see that at low temperatures (T = 5 MeV) the contour plots exhibit rather large uncertainties beyond four or five times saturation density when the ratio of the effective mass to bare mass is not 1. This is caused by the fact that some nuclear EOSs from our modeling predict that the ground state energy of pure neutron matter is lower than that of symmetric nuclear matter, so that the Γ th would converge to a finite number:
Thus the upper limit of Γ th would become Γ th (n → ∞) = We have seen that the parameterization for proton and neutron effective masses in Eq. (14) does not describe well the results from chiral effective field theory. A more general parameterization based on the extended form of the Skyrme functional may therefore provide a better approximation for the thermal contributions to the pressure and energy density. In our work, we have used γ 1 = γ 2 = 1 in Eq. (6), thus the effective mass is a function of β L,U and ζ L,U . The overall density dependence of the effective mass is then described by the mean vector In Fig. 8 we show the resulting 1σ and 2σ uncertainty bands on the nucleon effective mass in symmetric nuclear matter (top panel) and pure neutron matter (bottom panel) as a function of density in the extended Skyrme mean field models fitted to the hot and dense matter equations of state from chiral effective field theory. The green dashed curves represent the statistical average effective masses among 100,000 effective mass parameter sets. The behavior of effective mass is eventually decreasing as the total baryon number density increases, which guarantees the stabilities of the effective masses. Next we consider microscopic modeling of thermal effects from finite-temperature quantum many-body theory [113, 114] . In this work, we follow the liquid drop model approach [103] to construct the hot dense matter EOS from Skyrme force models and χEFT. The basic idea is to find the density of each species in the cell by minimizing the free energy density for a given variable, in general within the three-dimensional space (n, Y p , T ). Since the nuclear EOS depends on the baryon number density, temperature, and proton fraction, Γ th in general is a function of those variables as well. In the present study we consider the thermal index Γ th for matter in beta-equilibrium, and therefore the proton fraction Y p is not an independent variable. There is some ambiguity in how we define the proton fraction; whether to use its value at finite temperature or zero temperature. We have computed Γ th in both cases: (i) we use the same proton fraction for both finite temperature and zero temperature and (ii) we determine the proton fraction as a function of temperature for beta equilibrium matter. We have found that there is no significant difference between these two cases. Therefore, we have chosen to use the same proton fraction determined by the zero-temperature beta equilibrium condition also at finite temperature. It is noteworthy that the baryon composition at high temperature becomes isospin-symmetric, since the magnitude of the neutron and proton chemical potentials is much greater than the electron chemical potential.
By considering Γ th from many EOSs, we propose a Γ th fitting function:
where ξ = log 10 (n fm 3 ). Note that we have introduced two Gaussian functions that reflect the behavior of Γ th due to two phase transition densities: one for neutron drip and the other for the transition to uniform nuclear matter. The constant 4 3 corresponds to the low density (n < 10 −5 fm −3 ) region where the dominant contribution to Γ th comes from ultra relativistic electrons. Since Γ th depends on temperature, we assume that the parameters in Eq. (22), a = (a, b, c, d, ξ a , ξ b ) are linear functions of the temperature parameter T :
Thus, there are twelve parameters used to fit microscopic calculations of the thermal index as a function of baryon number density and temperature.
In Fig. 9 we show results for Γ th from a representative Skyrme model (Skb), RMF model (DD2+FRDM), and chiral EFT model (SkχN3LO414) determined for betaequilibrium matter. For the relativistic mean field model DD2+FRDM (as well as those considered below), we use the EOS tables generated by Hempel et al. [109] to determine the values of Γ th . In Fig. 9 the red circles represent the numerical calculations while the blue curves show the best-fit function of the form given in Eq. (22) fitted to the EOS results for T ≥ 5 MeV. We see that in most cases the chosen fitting function can accurately reproduce the behavior of Γ th for a wide range of densities and temperatures. Overall, the adiabatic index from the micro- scopically constrained SkχN3LO414 effective interaction exhibits a stronger peak (and a corresponding enhancement of thermal effects in astrophysical simulations) for densities in the range 1 − 2n 0 . Below we will find that this behavior is systematic across a wide range of chiral EFT and mean field models.
For several equations of state we find a discontinuity in Γ th around n = 1 2 n 0 that comes from the phase transition from inhomogeneous nuclear matter to uniform nuclear matter. In these regions the analytical fitting function smooths out the discontinuity. At low temperatures T < 5 MeV, nuclear clustering strengthens these discontinuities, leading to less reliable fitting functions. We reiterate that the proton fraction is not constant as a function of the baryon number density since the ground state of nuclear matter is determined by the chemical equilibrium condition µ n = µ p + µ e . The effective mass is also not constant but rather has a strong density dependence (see, e.g., Fig. 4 above) . In our modeling, the maximum value of Γ th occurs in the density region n = 0.4−0.7 fm −3 , which is significantly greater than the value n = 0.27 fm −3 found in Ref. [142] . We note, however, that in Ref. [142] the density is found in the case of pure neutron matter. In contrast, we consider beta equilibrium matter which has a finite proton fraction at all densities.
To obtain a representative set of a parameters, we use various nuclear EOS tables available in the astrophysics simulation communities as well as our own EOS tables [146] . In case of Skyrme force models, we obtain formulas for Γ th using SLy4, SkI4, SkM * , Ska, and Skb. For RMF models we include DD2, FSG, IU-FSU, SFHo, SFHx, TM1, and TMA. Finally, for χEFT we use results from Skyrme interactions fitted to the finite-temperature equations of state from the N2LO450, N2LO500, N3LO414, N3LO450, and N3LO500 chiral potentials. We estimate theoretical uncertainties in a from the nuclear force models by constructing the covariance matrix with elements
The covariance matrices for the three different classes of interactions as well as the combination of all models are given by
2.74e-1 7.96e-2 4.32e-1 2.77e-1 7.82e-1 −6.71e-1 1.07e+0 7.70e-1 −2.47e+0 4.02e+0 −2.83e-1 2.72e-1 (25a) 
3.22e-1 −1.08e-3 1.60e-1 8.87e-1 7.62e-1 −2.65e-1 4.16e+0 6.53e+0 −1.93e+0 2.99e+0 −1.34e-1 3.29e-2 (27a) 8.11e-4 −1.66e-3 −7.92e-4 1.02e-2 −2.48e-3 1.40e-3 −7.51e-3 −1.22e-1 1.11e-4 −1.47e-2 −6.24e-3 2.88e-3
3.18e-1 −1.07e-1 3.64e-1 7.13e-1 6.79e-1 −4.47e-1 2.84e+0 3.02e+0 −2.21e+0 2.99e+0 −3.91e-1 1.64e-1 (28a) −6.68e-3 3.67e-2 −2.66e-3 −5.82e-2 2.23e-2 −2.43e-2 −1.87e-1 6.25e-2 −1.58e-2 1.58e-1 3.34e-2 1.47e-3 ξ b 0 −1.25e-3 1.10e-2 −9.37e-3 −6.23e-3 7.58e-3 4.88e-3 3.04e-2 1.76e-1 7.78e-3 3.34e-2 2.15e-2 −4.67e-3 ξ b 1 −8.61e-5 −1.99e-3 3.82e-3 −2.68e-3 −1.81e-3 −2.86e-3 −3.65e-2 −9.02e-2 −6.43e-3 1.47e-3 −4.67e-3 4.69e-3
Theses numerical results can be used to generate new Γ th parameters within uncertainties originated from nuclear model differences.
In Fig. 10 we show the 1σ and 2σ uncertainty bands obtained from the mean values and covariance matrices in Eqs. (25)- (28) . We see that as the temperature increases, the first inflection point disappears and the maximum value of Γ th decreases in all cases. In contrast to the results shown in Fig. 7 , none of the mean field models considered in this section gives rise to a supersoft symmetry energy that would result in pure neutron matter as a ground state at some large density. Therefore, the value of the adiabatic index never reaches the limiting case Γ th → 8 3 as indicated in Eq. (19) where the low temperature approximation is valid. Compared with Skyrme and χEFT interactions, the confidence band for RMF models is rather small. This may indicate that the range of effective masses in the RMF considered in this work is smaller than from Skyrme and χEFT interactions.
V. SUMMARY
We have investigated the thermal index Γ th of hot and dense nuclear matter from microscopic many-body calculations based on chiral two-and three-body interactions as well as from Skyrme and relativistic mean field models commonly used in the literature. We find that Γ th depends strongly on the density, temperature, and proton fraction. In the Fermi liquid approximation, Γ th depends essentially on the proton and neutron effective masses at and above nuclear saturation density. However, the simple formulas for the thermal energy density and pressure are valid only in the low-temperature range (low compared with the Fermi temperature). The nucleon effective mass itself is expected to depend sensitively on the temperature [125] , and as a result simple Skyrme force models cannot reproduce perfectly the finite-temperature results from chiral effective field theory.
We have parameterized Γ th in terms of the nucleon effective masses in symmetric nuclear matter and pure neutron matter by subtracting the internal energy density and pressure of the cold nuclear matter EOS constructed in the liquid drop model technique from the values in uniform nuclear matter at finite temperature. From this method, where the cold dense matter equation of state is sampled from a Bayesian posterior probability distribution constrained by nuclear theory and experiment, we have obtained statistical uncertainties on the value of Γ th . As predicted from the Fermi liquid theory description of nuclear matter, Γ th sensitively depends on proton and neutron effective masses.
Finally, we extracted Γ th from realistic hot and dense matter equations of state based on several Skyrme force models, relativistic mean field models, and results from χEFT that include an accurate treatment of the inhomogeneous mixed phase at low density and finite temperature. We considered the case of matter in beta equilibrium, from which we determined the proton fraction as a function of density. The mean field models constrained by microscopic chiral effective field theory were found to exhibit a consistently larger adiabatic index compared to traditional Skyrme force models and especially relativistic mean field models. From these results we have suggested a simple but accurate phenomenological formula for Γ th written as a function of density and temperature. By combining the different models, we obtained mean values for the Γ th parameters and their corresponding covariance matrices. This parametrization can be used to supplement a wide range of cold equations of state for use in core-collapse supernova or neutron star merger simulations.
